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Abstract 

We consider the simplest SU q (2) invariant fermionic hamiltonian 
and calculate the low and high temperature behavior for the two dis- 
tinct cases q > 1 and q < 1. For low temperatures we find that entropy 
values for the Fermi case are an upper bound for those corresponding 
to q ^ 1. At high temperatures we find that the sign of the second 
virial coefficient depends on q, and vanishes at q = 1.96. An important 
consequence of this fact is that the parameter q connects the fermionic 
and bosonic regions, showing therefore that SU q {2) fermions exhibit 
fractional statistics in three spatial dimensions. 
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The relevance that quantum groups and quantum algebras |T[ may have 
outside the scope of integrable models has been in the last few years a subject 
of much interest for both physicists and mathematicians. The motivation of 
introducing quantum group symmetries in either space-time or as internal 
degrees of freedom addressed new interesting approaches which could give 
a new insight on the diverse roles they may play in physics. Some of these 
approaches led to the formulation of noncommutative geometry |2|, [| || , and 
numerous studies in quantum mechanics ||, field theory |J, molecular and 
nuclear physics |7j. The main objective in this article is to investigate the 
thermodynamics of a gas with constituents satisfying an algebra covariant 
under the group SU q (N). The thermodynamics of g-deformed systems || 
and their possible relevance to anyon statistics pfl has been studied by several 



authors exclusively in the context of the so called quons | ID| . In our case, 
we consider as our starting point a very simple quantum group invariant 
hamiltonian. As the most natural choice we consider a free SU q (2) invariant 
hamiltonian in terms of operators generating a SU q (2) covariant algebra, 
which in the q — > 1 limit will become a fermionic gas. We study this model 
for low (high density) and high (low density) temperatures. At low T we 
find that the entropy function for quantum group gases, q ^ 1, lies below 
the graph of the fermionic gas entropy. At a given temperature the lowest 
entropy values corresponds to the extreme case of q — > 0. At high T we find 
that the second virial coefficient as a function of the parameter q interpolates 
continuously from fermionic to bosonic behavior, and it vanishes at q = 1.96. 

The SU q (2) covariant algebra generated by the quantum group fermions 

i = 1, 2, is given by the following relations 

{^ 2 ,^ 2 } = 1 (1) 
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{^ 1 ,^ 1 } = l-(l-g- 2 )^ 2 ^ 2 (2) 
^1^2 = -g^ 2 *i (3) 
"*i^2 = -g^ 2 ^i (4) 

= 0={tf 2 ,tt a }, (5) 

which for q = 1 become a SU(2) covariant fermionic algebra. The covariance 
is simply checked by applying the linear transformation = X^=i ^V/^jj 
where the matrix T = ^ ^ J is the two dimensional representation of the 
quantum group SU q (2) |T2] and the matrix coefficients (a,b,c,d) generate 
the algebra 

ab = q~ 1 ba , ac = q~ 1 ca 
be = cb , dc — qcd 
db = qbd , da — ad = (q — q~ l )bc 

det q T = ad — q~ 1 bc = 1. (6) 

Requiring T to be unitary leads to the adjoint matrix T given by 

T=( 1 ~ qb ), (7) 
V — q c a J 

where the parameter q must be a real number. Hereafter, we will consider 
< q < oo. In general, SU q (N) covariant fermionic algebras can be written 
in terms of the i?-matrix of A 9 N _ l , as given in Reference |13| . 



There is a clear distinction between the algebra in Equations with 
the g-boson algebra. Quons dj obey the relations 



a; L a)j — qOjai = 5ij, (8) 
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which has the boson and fermion limits for q = 1 and q = — 1 respectively. 
No specific relation between annihilation (or creation) operators is known for 
q 2 7^ 1 and Equation (g) is not covariant under SU q (N). 

A representation of S'£/ 9 (iV)-ferrriions in terms of fermionic operators ipi 
and if)j is given by the relations 

N 

Vm = ?Pm LI (l + " , (9) 

;= m +l 

V 

Z=m+l 

where M; = ipjipi and {?/>j, ?/>]} = Sij. In what follows we consider the simplest 
SU q (2) invariant hamiltonian, which is 

H = £^(^A,l + ^A,2), (11) 

with the quantum group fields satisfying {^f Ki i, = for k ^ k' . Thus, 

in terms of the fermionic fields tpi, Equation ([11]) becomes the interacting 
hamiltonian 

H = E^( M «,i + M ^ + (q- 2 - l)M K)1 M Kj2 ), (12) 

K 

where M K i = ip K ^ K)i is the fermionic number operator . The grand partition 
function Z is 

Z = + 2e~ /3(£ ^ ) + e -/»(=«(9- a +i)-2M)) j (13) 

which at g = 1 becomes the partition function of a fermion gas with two 
degrees of freedom. The average number of particles (M) becomes then a 
function of the parameter q according to the equation 

(M) = (mi) + (m 2 ) 
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Low temperature and high density gas 

In a previous work El we studied Equation fll^D for the extreme cases 
q ^> 1 and g <C 1. It was shown that for low temperatures the chemical 
potential /x(T) for q ^> 1 is almost identical to the Fermi case while that 
for q <C 1 this function has in addition a linear temperature dependent term 
which vanishes for q = 1 and g > 1. In this section we calculate the function 
(M) for the two cases q > 1 and g < 1. In addition, we calculate the 
internal energy U, heat capacity C v and entropy S and compare them with 
the fermionic, 5 = 1, case. 

a) q > 1 

A simple way to calculate Equation (|T4]) is by considering that at T = 



the average number of particles is given by (M) = ^—2^372 A(2/i ) 3 / 2 . 

Thus, we split this equation in the following integrals 

,2/V(<r 2 +i) 
(M) = X e 1/2 de 



+ A / +/ U^i±^ (15) 

where /(e,^,g) = e^"^ + 2 + e^^ 2 ^) an d A = **\£$' 2 . The 
second and fifth integrations vanish as /3fi — > 00, and the remaining 
terms lead to the result 

W-3(F^W /2+ te^W^' (16) 



Equation (|T6| ) is very similar to the Fermi case in the context that it 
does not contain a linear term in T. The internal energy U is calculated 
from the grand potential Q ■ 



-A In 2 



U 



,d(3n 



V 



+ fiM) 
p 2 (2 + (q- 2 + l)e 



Pip- 



-2 2 
■3—Sls 7 3, 



~)d 3 p 



2m 



(17) 



such that following the same procedure as in Equation we obtain 
for the internal energy 

3/2 



U « A 



and the entropy 



g < 1 



-2 



_ 5/2 0.64y^ 

5^° (g~ 2 + l) 3 / 2 /3 2 



5 « A 



1.28y/2jIok 2 T 
(q~ 2 + l) 3 /2 ■ 



(18) 



(19) 



For g < 1 the function (M) was calculated in Reference |13[. We use 
this result as a starting point and then calculate some thermodynamic 
functions. The average number of particles is given by the equation 



<M> 



A^ 2 (l + g 3 ) ( Xy/Jl(l -g 3 )ln3 0.54A(1 + g 3 ) 



3 2/5 2 v //I / 3 2 

which contains a linear temperature term that vanishes for g 
Reverting Equation (p0|) leads to the chemical potential function 



(20) 
= 1. 



(1 + <? 3 )^o 



0.54 



(l-g 3 ) 2 ln 2 3 
4(1 + g 3 ) 2 



(21) 
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The internal energy U is simply calculated from Equation ( |ITD by split- 
ting this integral in the intervals [0, q 2 fj], [q 2 ^, fi] and [p,, oo]. The inter- 
nal energy in terms of the chemical potential is given by the equation 



17«- 
2 



~(? 3 + l)/i 5/2 + ^(1 - lV /2 + ^0.54(1 + g 3 )^ 



, (22) 



such that after replacement of Equation (pi ) into this equation gives 
for the internal energy 



^(g 3 + l)^ /2 +(l.08(g 3 + i; 



3N2 



2 1 



In 2 3 



1/2 



(23) 



The linear term in T has canceled out and the heat capacity 
(dU\ 



dT 



Xk JJIqT 



1.08(g 3 + l)- (1 , g T ln 2 3 



(24) 



2(1 + q 3 ) 

vanishes at T = in accordance with the third law. There is no solution 
with g G R such that C v = 0, and there is only one real solution for 
q < 1 at a given temperature for each value of C v . 

Figure 1 shows the function s = S/\k 2 ^/JIo as a function of T for 
different values of the parameter q, where the entropy S = Jq T^dT' . 
From Figure 1 we see that the entropy is maximum for the Fermi case, 
and there are systems with q > 1 sharing the entropy function with 
those with q < 1. Specifically, for every value q\ such that 0.33 < 
qi < 0.91 there is a solution q2 > 1 with the same entropy function. 
For other values of q\ there is no value q2 > 1 which would give the 
same entropy at a given T. Therefore, for low temperatures entropy 
functions given by hamiltonians with q > 1 are contained in the set of 
those with q < 1. 
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Figure 1: The function s as defined in the text for low temperatures and 
several values of q 
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High temperature and low density gas 



In this section we calculate several thermodynamic functions for the case 
of weak degeneracy z = <C 1 , and study the role played by the parameter 
q in the equation of state. Our starting point is the grand partition function 
Z 



AtxV f°° 



-P(e(q- 2 +l)-2fi) 



dp, 



(2vrfi) 3 

such that expanding the integrand and keeping the first three terms gives 



(25) 



InZ 



^3/2 



z Z^ Z^ 

2^ a(g) y +7(g) 3! + - 



(26) 



where the functions a(q) and 7(g) are 

1 



a(q) 
7(9) 



1 



2 3/2 2 {q- 2 + I) 3 / 2 
4 3 



33/2 ( g -2 + 2)3/2- 

Once we calculate the average number of particles (M) = ^ (- dfi 
can write the fugacity z in terms of (M), and Equation ( p6|) becomes 



dlnZ 



we 



\nZ = (M) 



1 + 2a ( g) (M) /33/2 _(M) !/3 3 A + ^ 



A 2 7T 



(27) 



where A 



87(g) 



+ 16a 2 (g). 



From this equation we can obtain the internal energy U, the heat capacity C v 
and the entropy S = U ~^ M ^ +k\nZ as functions of (M) . The corresponding 
equations are 



? , _ 3(M) | 3(M) 2 ^/ 2 a(g) 3(M) 3 / 9 2 A | 



2(3 



2ttA 2 



(28) 
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Figure 2: The coefficient a(q) for the interval < q < 5. The line at q = 1.96 
divides the region between a(q) > and a(q) < which corresponds to 
fermionic and boson-like behavior respectively 
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C v 



3{M)k 



A% 



5= (M)k 



5 / 2(M)^ 2 \ g(g)(M) 3/2 



+ ... 



The equation of state is given by the equation 
pV = kT(M) 



i | 2a(g)/3 3 / 2 (M) | 



Av^F 



(29) 
(30) 

(31) 



with the second virial coefficient B 2 (q) 



B 2 (q) 



<U)( \ 
2 \2mkT7i J 



3/2 



(32) 



The sign of the second virial coefficient clearly depends of the value of q, 
therefore the parameter q interpolates between fermion-like and boson-like 
behavior. Figure 2 shows a graph of the coefficient a(q) as a function of 
q. The function a(q) takes values in the interval 2~ 5 / 2 < a < 2 -3 / 2 for 
< q < 1, vanishes at q = 1.96 and gets its lowest value a(q) = —0.15 
in the limit q — > oo. One question one could address is whether performing 
the same calculation in two dimensions it would lead to a similar behavior, 
such that a possible connection between the anyonic and our second virial 
coefficient for the two dimensional system could be established. Repeating 
the same procedure for two spatial dimensions one finds that the second virial 
coefficient becomes the function 

nh 2 B 



B 2 (q) 



(33) 



2m(g 2 + 1)' 

which is positive for all values of q, showing therefore that this system does 
not exhibit anyonic behavior in two dimensions. 

In this article we studied the behavior of a SU q {2) fermionic gas at low 
and high temperatures. We calculated several thermodynamic functions for 
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the two cases q > 1 and q < 1. Our results point out that at a low T the 
entropy value for a gas with q ^ 1 is lower than the one for the Fermi case, 
and become the lowest for q — > 0. In particular, for 0.33 < q < 0.91 systems 
with q > 1 share the entropy function with systems with q < 1. We studied 
the behavior of this model at high temperatures and obtained the equation of 
state as a virial expansion. We found that the second virial coefficient ^(g) 
has a dependence on the parameter q such that it vanishes at q = 1.96 and 
becomes negative for q > 1.96. Thus, as the parameter q varies form zero to 
infinity, this simple quantum group fermionic model describes a large set of 
models that spans from repulsive systems, -82(9) > 0, for low values of q to 
attractive ones for large values of q. The cases q = 1 and q = 1.96 certainly 
describe a free fermionic system (at all orders) and an ideal gas (up to the 
second virial coefficient) respectively. This kind of interpolation between 
boson-like and fermion-like behavior is well known in two dimensions for 
anyonic systems |TJ|, [TJ|. We have shown that the simplest SU q (2) fermionic 



system plays a similar role in three spatial dimensions. 
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